FEATURED REVIEW.
This joint review covers the two papers in the heading as well as an article by J. Bellissard, R. Benedetti and J.-M. Gambaudo ["Spaces of tilings, finite telescopic approximations, and gaplabeling", Comm. Math. Phys., to appear] (hereafter BO, KP and BBG, respectively).
The gap labeling theorem was originally conjectured by Bellissard [in From number theory to physics (Les Houches, 1989) , 538-630, Springer, Berlin, 1992; MR1221111 (94e:46120)]. The problem arises in a mathematical version of solid state physics in the context of aperiodic tilings. Its three proofs, discovered independently by the authors above, all lie in K-theory. Here is the core result of these papers:
Let Σ be a Cantor set and let
be a free and minimal action of Z d on Σ with invariant probability measure µ. Let µ: C(Σ) → C and τ µ : C(Σ) Z d → C be the traces induced by µ and denote likewise their induced maps in K-theory. Then
as subsets of R.
We shall try to explain why this core result has anything to do with something called gap labeling. This review is organized as follows:
(1) The origin of the problem and its formulation in mathematical terms.
(2) Foliated spaces as a setting for the common formalism. (7) Earlier partial results. 1. The origin of the problem. We model the motion of a particle in a solid via the tight binding approximation as follows. The solid is modeled by a tiling, where the tiles represent the locations of the atoms, and the particle hops from tile to tile. The (simplified!) quantum mechanical model of this motion is a certain self-adjoint Schrödinger operator on the space of square summable functions on the set of tiles. So the position of the particle is represented by a tile and momentum corresponds to translation. We are interested in the spectrum of this operator. In the crystal context, Bloch theory shows that the periodic structure of the atoms leads to a spectrum consisting of bands-i.e., a union of closed intervals, and hence there are gaps in the spectrum. The challenge in the present problem is to determine the gaps in the spectrum of the Schrödinger operator in a solid which is not periodic but is almost periodic.
More formally, a tiling T of R d is a collection of subsets {t 1 , t 2 , . . . } called tiles, such that their union is R d and their interiors are pairwise disjoint. We assume that each tile is homeomorphic to a closed ball. Any translate T + x of T by some x ∈ R d is again a tiling. Take the set T + R d of all translates and endow it with a metric: for 0 < ε < 1, say, the distance between T 1 and T 2 in T + R We assume that for any R > 0 there are only finitely many subsets of T whose union has diameter less than R (the so-called finite pattern condition), which ensures that Ω is compact. The orbit of T is obviously dense. We assume that every orbit is dense: in other words, that the R d action on Ω is minimal. This is the case if and only if for every finite patch P in T there is some R > 0 such that for each x ∈ R d there is a translate of P contained in T ∩ B(x, R). This is called the repetitivity condition.
There is an equivalent version of this construction using the notion of repetitive Delone sets of finite type due to Lagarias. Bellissard 
, and a tiling is strongly aperiodic if Ω contains no periodic tilings. Assume henceforth that T is strongly aperiodic and satisfies the finite pattern and repetitivity conditions; thus Ω is compact with a free and minimal R d -action ω. There is a natural C * -algebra to model the situation, namely C(Ω) R d , referred to by Bellissard as the noncommutative Brillouin zone. Bellissard's deep insight was to regard the dynamical system via this C * -algebra as a noncommutative space, in the sense introduced by Alain Connes, and to show that the resolvents of the Schrödinger operator lie in it. Gaps in the spectrum will yield projections in C(Ω) R d and the classes of those projections lie in K 0 (C(Ω) R d ). Any trace on the C * -algebra yields a homomorphism 
(The set Σ can be constructed as a canonical transversal. To do so, each prototile is associated with a point in its interior; then take Σ to be the union of the tilings having one tile with point at the origin. Then Σ is defined modulo the choice of a point in each prototile. In the description via a Delone set there is no choice, since the position of atoms is already fixed and therefore the transversal becomes "canonical".) This homeomorphism does not conjugate the R d -actions. However, KP show that there is a strong Morita equivalence of associated C * -algebras
and so these two C * -algebras have isomorphic K-theory groups. We regard Σ with its Z d -action as a discrete model for the foliated space Ω. and others have taken to using lamination for this more general concept. We will stick with the foliated space terminology.
Suppose given a Z d -invariant probability measure µ: C(Σ) → C. This gives rise to an invariant transverse measure on Ω with corresponding Ruelle-Sullivan current C µ and associated homology class 
The group K 0 (C(Σ)) is isomorphic to C(Σ, Z), the continuous, integer-valued functions on Σ, and we may describe its image under the trace µ(K 0 (C(Σ))) as the subgroup of R generated by the measures of the clopen sets of Σ. It is not very hard to prove that
The deepest part of the gap labeling theorem is to demonstrate that this inclusion is actually an equality of sets. Note that each gap in the spectrum of the self-adjoint operator associated to the motion of the particle in the initial tiling corresponds to a projection in the C * -algebra C(Ω) R d of the foliated space Ω and hence to a class in
Bellissard, Herrmann and Zarrouati [op. cit.] proved that the integrated density of the states of the operator depends only upon the noncommutative space Ω itself, and not upon the operator. Thus the possible values of the gap labeling are independent of the choice of operator; they depend only upon the noncommutative topology of Ω. All three proofs of the gap labeling theorem proceed by translating the gap labeling problem to tangential cohomology via some version of the Chern character and then by a combination of direct computation and deep general results.
3. The BBG proof. BBG consider a somewhat more general situation than described above. As this review focuses upon the K-theory result, we must omit details. We urge the reader to study the paper, as it has interesting applications beyond the immediate K-theoretic concern of the gap labeling theorem. BBG provide a geometric analysis of the foliated space itself. They represent Ω as topologically conjugate to the inverse limit of expanding flattening sequences of branched oriented flat manifolds of dimension d (BOF d-manifolds) with R d action by parallel transport under constant vector fields. The cohomology of the BOF manifolds is analyzed combinatorially via cellular cohomology and a spectral sequence is used to calculate the K-theory of the associated C * -algebras. Taking direct limits then yields a very concrete description of K * (C(Ω R d )). The associated Ruelle-Sullivan maps are then explicitly calculated. BBG use a partial Chern character map c and then must deal with the diagram 
